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Abstract—The separation of gas mixture in an axially symmetric supersonic jet is investigated.

The supersonic jet is separated into the peripheral stream and the core stream by a skimmer and the
total diffusion flux of the lighter component into the peripheral stream is obtained. The experimental
results are presented for the binary gas mixture of hydrogen and nitrogen.

An approximate equation is proposed which gives the diffusion flux as a function of cut and Mach
number. The experimental results were in fairly good agreement with the results of calculation by the

proposed equation.

NOMENCLATURE 0y, molar flow rate of species i through
A, area of nozzle exit [cm?]; nozzle [mol/s];
a, sonic velocity [cm/s]; M molar flow rate of species i of peri-
D, diameter of nozzle exit [cm]; pheral stream [mol/s];
D,,,  mutual diffusion coefficient [cm?/s]; 5 molar flow rate of species i of core
i thermal diffusion coefficient of stream [mol/s];
species i [g/cm s]; q, numerical value of gas velocity
G, mass flow rate through nozzle [g/s] ; [em/s];
Ji total mass flux of species i [g/s]; R, universal gas constant
io mass flux vector of species i [g/cm?s] ; [erg/degK mol];
k, Boltzmann constant [erg/degK]; R*, radius of nozzle exit [cm];
N, mole fraction of species i [dimen- Re, Reynolds number, W D/v° [dimen-
sionless] ; sionless];
n, number density of species i [n/cm?]; r, distance from jet axis [cm];
M, local Mach number [dimensionless] ; r, r/R* [dimensionless] ;
M, molecular weight of speciesi[g/mol]; St, Stanton number, J,/m°Q° [dimen-
M*, critical Mach number [dimension- sionless];
less]; s, coordinate along stream line [cm];
M**  reduced molecular weight, T, absolute temperature [degK];
2M M,/(M + M) [g/mol]; T*, reduced temperature, T/(e, ,/k)
m;, mass of species i [g]; [dimensionless] ;
m, average mass of gas mixture [g]; w, characteristic velocity, \/p°/p°
P, pressure [dyn/cm?]; [em/s];
Pe, Péclet number, R*a/D [dimension- X, distance along jet axis [cm];
less]; X, x/R* [dimensionless].
Greek symbols
t Associate Professor. &, separation coefficient,

t Professor, Dr. (Engineering). (NY¥/N¥/(NINY [dimensionless] ;
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B, 1/tan u [dimensionless}];

T, discharge coefficient [dimension-
less];

P, ratio of specific heats [dimension-
less];

€125 potential parameter for interaction
between molecules 1 and 2 [erg];

¢, tan 6 [dimensionless] ;

n, coordinate in characteristic coordi-
nate system [cm];

o, cut [dimensionless] ;

0, inclination of velocity vector [rad];

K, curvature [cm™'];

K, y — 1/y + 1 [dimensionless];

A, Prandtl-Meyer function [rad];

A Mach angle, sin ™! 1/M [rad];

v, kinematic viscosity [em?/s];

v, unit vector normal to surface element
dZ [dimensionless];

£, coordinate in characteristic coordi-
nate system [cm];

P, density [g/cm’];

dz, surface element [cm?];

O1a, collision diameter [A];

, stream function [dimensionless] ;
Q-1 collision integral, QU 1)/Qris sph

[dimensionless].

Superscript 0 denotes the quantity at upstream
condition and subscript 12 denotes the quantity
for the lighter component and heavier com-
ponent, respectively.

INTRODUCTION
MaNy studies have been made of diffusive
separation of gas mixture in a supersonic jet
[1-7]

In a recent article [8], Sherman has made an
analytical study on the separation of a binary
gas mixture in an axially symmetric free jet
and has given an equation for the mole fraction
along the jet axis. Very recently, Rothe [9]
showed significant experimental data on the
separation of helium—argon mixtures by means
of electron beam density probe and the separa-
tion results on the axis of the free jet were in
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fairly good agreement with Sherman’s theory.
Abuaf et al. [10] also made measurements of
diffusive separation of argon-helium mixtures
in free jet and there was reasonable agreement
between the experimental results on the jet axis
and Sherman’s theory.

This paper presents the off-axis results of
experiments on the separation of hydrogen and
nitrogen mixture and also presents its numerical
analysis. The results of numerical calculation
are in fairly good agreement with the experi-
mental results.

EXPERIMENTAL METHOD

The experiments were carried out by using
the apparatus consisting of a convergent nozzle
and a skimmer which were similar to those of
Waterman et al. [3]. Details of this system
are shown in Fig. 1. The nozzle and the skimmer
used in this experiment are 0-3 mm and 2 mm
in diameter, respectively. The distance between
the nozzle exit and the skimmer can be varied
by means of a micrometer screw and measured
by a dial gauge to an accuracy of the order of
0-01 mm. The nozzle and the skimmer are so
arranged that their centers are on a line with
the aid of a travelling microscope. A flow
diagram of the experimental apparatus is
illustrated in Fig. 2. A binary gas mixture of
known concentration was introduced to the
nozzle at the inlet pressure P° through a
needle valve and ejected at the nozzle exit at
mass flow rate G. The supersonic jet thus
created was separated into the peripheral
stream @G and the central stream (1 — )G
by a skimmer and were pumped away by the
mechanical boosters and rotary vacuum pumps,
at the static pressure of PM and PX, respectively.
The pressures P°, PM and PX were measured by
a di-octylphtalate oil manometer to an accuracy
of the order of 0-01 mmHg. The volume flow
rate of gas mixture was obtained by means of a
soap film flow meter jointed to the delivery
tube of the rotary vacuum pump, in which the
displacement rate of a soap film meniscus in a
calibrated burette was measured. A small
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F1G. 1. Constructional details of supersonic jet apparatus. 1. Micrometer; 2. Convergent nozzle; 3.
Skimmer; 4. Pressure gauge tap; 5. Flange; 6. O-ring.

amount of gas mixture was sampled from the
peripheral flow into a sample bulb after slight
compression by the mechanical booster. The
flow of gas was maintained for about 15 min
prior to sampling in order to attain a steady-
state condition. The sample bulb was evacuated
by a mercury diffusion pump to a pressure of
about 10~° mmHg before sampling. The flow
rate and the concentration were measured for
the peripheral stream, because a preliminary
test confirmed that the calculated values on the
basis of mass balance agree very well with the
experimental values. The composition of the
gas mixture employed in this experiment is as

follows: H,—4892 mol?%,, N,—51-08 mol?,.
The concentration of gas mixture at low pressure
was determined to an accuracy of about 0-1 per
cent by applying the low pressure constant
volume method [11]. The diagram of the gas
analysis apparatus is shown in Fig. 3. The gas
mixture was circulated through a heated column
packed with copper oxide by a mercury dif-
fusion pump after the pressure and the gas
volume were measured. Water vapour pro-
duced by the reaction of H, with copper oxide
was removed by the liquid nitrogen trap.
Non-reacting gas (N,) was compressed to
the original volume by a Topler pump. Thus,
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F1G. 2. Flow diagram of experimental equipment. I. Gas
mixture container; 2. Needle valve; 3. Supersonic jet
apparatus; 4. Mechanical booster ; 5. Rotary vacuum pump;
6. D.0O.P. oil manometer; 7. Pirani gauge ; 8. Macleod gauge ;
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9. Soap film flow meter; 10. Sample bulb.

FiG. 3. Schematic diagram of gas analysis apparatus.
1. Topler pump; 2. Mercury cut-off; 3. Glass scale; 4.
Mercury diffusion pump for circulating gas mixture;
5. Nichrome wire heater ; 6. Copper oxide ; 7. Thermocouple ;
8. Liquid nitrogen trap; 9. Mercury diffusion pump;
10. Rotary vacuum pump; 11. Silica-gel packed column;
12. Three way cock; 13. Universal joint; 14. Sample bulb.

the concentration could be determined by
reading the pressure. However, the time was
required over 90 min for determining the
concentration of each sample. At the present
time, the thermal conductivity method is being

applied successfully to gas analysis at low
pressure to shorten the time required in the
measurement and to obtain better accuracy
[12,13].

EXPERIMENTAL RESULTS

Figure 4 shows the experimental values of
volume flow rate through the nozzle as a
function of inlet pressure. The ratio of down-
stream pressure to inlet pressure Pe/P° is very
small and the downstream condition ceases to
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F16. 4. Volume flow rate through nozzle versus inlet
pressure.

influence the upstream condition. The discharge
coefficient I' are calculated from these data
and plotted as a function of Reynolds number in
Fig. 5 where I' and Re are defined by the
following expressions.

G =Tp° WA (n
WD

4]
W= (%) . (3)

The details of the critical mass flow of rarefied
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gas through nozzle are described in our report
[14].

The cut ® which means the ratio of the mass
flow rate of the peripheral stream to the total
mass flow rate through the nozzle is given in
Fig. 6. It becomes evident that same supersonic
profiles are formed for this range of inlet
pressure,

In Fig. 7, the experimental data of separation
coefficients are shown as a function of the
distance between the nozzle exit and the skimmer
with the inlet pressure as a parameter.
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THEORETICAL ANALYSIS

As shown in Fig. 7, the lighter component
(hydrogen) is enriched in the peripheral stream.
This can be explained qualitatively by the fact
that a large pressure gradient created in a jet
causes a pressure diffusion of a lighter component
in the radial direction.

The mass flux of a lighter component j,
relative to the center of gravity motion of gas
mixture is given from the kinetic theory of
gases as follows [15]:

2

. n
h = ;mlszu {grad N,

o860
Am T
—%—NlNzgradlnp —DigradinT (4
Q-55p~— [e)
S I the first term of ordinary diffusion and the
r third term of thermal diffusion are neglected
. * - g
0-50— because of a relatively small variation of con-
centration in space and very small value of
Lo il \ 1 i1l thermal diffusion coefficient, the mass flux j,
102 g 10*  is expressed as
N . o . on? Am 1
Fi1G. 5. Relationship between discharge coefficient and Ih=——mmD,— NN ,—grad p- {5)
Reynolds number. Ji} m 14
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F1G. 6. Cut as a function of distance between nozzle exit and skimmer.
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The total mass flux into the peripheral stream,
J, can be obtained by integrating j;-vdZ from
the nozzle exit to the skimmer over the border
surface between the peripheral and the core
stream, where v denotes the unit vector normal
to the surface element (see Fig. 8).

Thus J, becomes

snz A
h:-SFmﬂwu%ﬁmg
0

1
; grad p - v2ar ds. (6)

The mutual diffusion coefficient, D, is given by
[16]

J(T3M*)
pazﬂ(l’”*
When the modified Buckingham potential is

assumed for the intermolecular force, the collision
integral, Q! 1* may be approximate as

D,, = 2:662-10° (T*  (7)

Q% ~ const T4

(8)
as the calculated values of T** QU V¥(T*) by

Hirshfelder et al. [17] are approximately con-
stant over a fairly wide range of T* as shown in

60
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F1G. 8. Coordinates for axially symmetric flow.

Fig. 9. Hence, the relation between collision

integral and absolute temperature is expressed
as

QT e= T3

7o
FiG. 9. Relation between collision integral and reduced

temperature where « denotes potential parameter associated
with the modified Buckingham potential.

20—

FIG. 7. Separation coefficient as a function of distance between pozzle
exit and skimmer.
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On the other hand, from the equation of motion  where g and 8 denote the numerical value of the
in the natural coordinate system, the following gas velocity and the angle of inclination of the
expression is given velocity vector, respectively. By substitution of

equations (9, 10} into equation (6) and with the

, dé , aid of the equation of state for ideal gas, J, is
gradp-v = xpg” = - pq (10)  given by

_ | mym, Am ien a3 My M\ (T 4 d_é‘z 1"
Jl—gw."; N.N,-2662-10 \/(2M1M2 AT R & O (11)

For the convenience of calculation, a variable A is introduced instead of s, which is the Prandtl-Meyer
function, that is,

M

oy dm (7’+1) A =t ol -t gz
A_SWEM_ y_ltani\/[y+](M Dl —tan"tyM2-1 (1)

1

here, M represents local Mach number.
As A is regarded as a function of s along a streamline, equation (11) becomes

4

_{mm, mien 1ns [Mi FM\ TP 4 51_6_2
JI—S L2 Am NN, - 2662 10 \/(2M1M2 SeT R4 T (13)

0

To reduce the above expression to nondimensional form, the following nondimensional quantities
are introduced:

T J R*a° v0
r=F, StzW’ Re=—v§—-, Sc=m, M*z%, Pe = Re-Sc¢
where a°, v%, m?, DY, and Q° denote the sonic velocity, the kinematic viscosity, the average mass of
gas mixture, the mutual diffusion coefficient under the upstream stagnant condition and the total
molar flow rate of gas mixture through the nozzle, respectively.
The Stanton number, St, is defined as the ratio of the total diffusion mass flux into the peripheral
stream to the total mass flux through the nozzle. Equation (13) then reduces to

A

+
J  2mmymy,AmDY,n%a**R*y { (T°\ m° , df
ﬁOQO = Emaono - wNINzM*'d—Ard/l

T/ m
_ 1 2mym, Am (y+ ])”V‘1< 2 )’
“Pe @3 '\ 2 y+ 1 I (14)

]

St
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The integral I depends approximately on both
Aand @. The separation coefficient o is expressed
from its definition as a function of mass flux,
J, in the following form:

o = or/0% — _N_gﬂmlN?@Qo +J
N?/N(z) N?mlmzNg@Qo"J1

where Q¥ is the molar flow rate of i component
of the peripheral stream. Then, from equations

(14, 16) the relationship between Stanton number
and separation coefficient is given by

(16)

N? -1
ST —— g 07
1+ oa——1
myN;
The Péclet number is given by
R*a° 1 1
— — R*  kTO) —
Fe="Ts, =K \/<yW°kT) DY,
* ! 0
1

02 o1 0
D 0'129(12 " (T

The force constants ¢,, and ¢, , associated with
the Lennard-Jones potential for interaction
between hydrogen and nitrogen molecules are
found in the reference [18] to be

0172 = 3'305 A,

From the experimental results for « and @, the
value of

gy2/k = 581°K.

St Pe
2mm, Am [y + N1/ 2 \?
m3s T\ 2 y+ 1

is calculated with the aid of equation (17, 18) and
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(15)

plotted as a function of nozzle to skimmer dis-
stance with the inlet pressure as a parameter in
Fig. 10. It is indicated, in Fig. 10, that experimen-
tal results for various inlet pressures can be
summarized with a single relation by using the
above dimensionless quantities.
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Fi1G. 10. Summary of the separation results.

NUMERICAL ANALYSIS

In this section, the flow field of an axially
symmetric supersonic jet is computed by using
the numerical method of characteristics and
both d6/dA and I which appeared in equation
(14) are calculated along various streamlines.

The equations of motion in the characteristic
coordinate system, are given in the following
form [19]

0 . sind

0 .

EE(A + 0)=siny—-
where ¢ and # denote coordinates and r and
u[= sin™(1/M)] denote the distance from jet
axis and Mach angle, respectively. The equations
for the directions of the characteristic curves are

sin 6 (20)
r
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dr _
dx i—tan(@iy) (21)

and the elementary increments of characteristic
curves, d&, dn are given by

gl dx\?
dn} —ar 1+ (d_)

From equations (21, 22) the equations of motion
along characteristic curves become

— i SiDp-sing
dA F dé =@ £ ) r.

(22)

23)

In orderto save the machine time of computation,
new variables f and { have been introduced
instead of A4 and 6 by Chushkin {20], Katskova
[21, 22], Wang and Peterson [23]. § and { are
given by

Rt -
{ =tané. (25)
Then, equation (23) becomes
CreT lzﬁzl( ?ﬁ;:)z()ldf- )
i%%f%?:O (26)
K= z—;_:.

In equation (26), there appear no trigonometric
functions which occupy a significant portion of
computation time. The computing procedure
used in this study is briefly described below.
The familiar step by step method of character-
istics was used in which the known solution at
two points Py, P, leads to the solution at point
P, (see Fig. 11). The difference equations based
on equation (26) are given in the following
equations.

1605
_ Iy —mnry + on(x; — X,)
ry = = 27)
Xy =x; + mry —ry) (28)
1
B3 K FTIE {E[1B, + F({,— {5)
— N(x3 — x,)] + F(KB, — L(r; — )]} (29)
=0 — %[K(ﬁs - B+ Lir; — ry)] (30)
1B =0, B4
"= i(ﬁlcl 1T RGT 1) Y
LBl =1 Byl —1
n—i(ﬁ2+§'2+ Bs‘*‘fa) ¢
1 1 1 1
£=3 (TT{ * r:z) (3
1 1 1
F=§(]+c§+1+¢§> (34)
_ 1 2%
2 ((V + )1+ gH(1+ xB3)
283
Ter DA AT KB%)) )

Fi1G. 11. Computation of unknown point 3 from two known
points 1, 2.

RIS
2\ + DA+ B+ xB3)

+ 23 ) (36)
G D+ BT <)

I[=
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RYaR? s

L=3 ((/3151 1 Bl + 1)r3> 67
BYaR? 2

N 2<(B2C2+1)r2 (ﬁscs+1)r3>' G8)

The above formulas can be used for calculating
interior point from two noncentral points.
Special consideration is necessary for calcula-
ting central point.

As r — 0 along a characteristic, {/r is given by

lim E= % = (d—9>
—o I dr/,=o dr/+ ;=0

(d6/dr); ,-, can be obtained by making use of
equation (26), which is rewritten to

(39)

261+ )
AR T DY 2

<9g) Lur
dr/ = (BL £ D)r

As r - 0, the above equation becomes

&), e &)
ar). T A D0+ B+ <p) \dr

40
+ (Er—l =0. (1)

Then (d6/dr). ,—, are given by

0.  (40)

do B>
drfs o @+ DO+ A+ «pD

dg
x (5)r=0 (42)

The expressions for {,/r; and {4/r; on the axis
become

4 B} Bs — By
o GF DUT A F KB T

t_ B Bs — b,
no Gt AT A+ B s

(43)

(44)
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It is necessary for obtaining the solution at an
unknown point P, to use an iterative process
which is started with an initial assumption for
the coefficients, m, E, K, L, n, F, I, J and is
continued until the criterion

ma.x<"—rg 1|’x l, ﬁg_ﬁg_l,
I
“n —_yn—1
53 n_fa )Slo—ﬁ (45)
3

is satisfied.

The initial estimation of the coefficients m,
E, K, L was made by assuming that {; = (|,
B3 = By, r3 = ry, X3 = x, and of the coefficients
n, F, I, J by assuming that {; = {,, f; = f,,
ry =Ty X3 = X,

The intial set of the data were obtained from
the table presented by Katskova [20] who com-
puted the flow field of an axially symmetric
supersonic jet near the nozzle exit. The change
in the stream function, ¥ along a characteristics

curve is given by
dy 2p
<0x> X = ;; rdx

- E)e-
)]

From equation (21),

dr

Substitution of equation (47) into equations (46)
gives

ﬁC+1
B+

(47)

a+
B+0

Then the difference equation for i is given by

dx. (48)

p
dy = - 2.5rM®

Ja+ )+

Vs =, (rzpzM? rspsM3

Gt A {3+ Bs
J+ c%)> (3 — x3).  (49)
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Fi1G. 12. Streamlines of an axisymmetric flow of a freely expanding gas.
The number of computed points was so de-
ooe2s termined that the increments of both x/R* and
e 01675 r/R* are maintained less than 0-02. In Fig. 12,
Pty the results of computation for streamlines are
8 plotted with the value of cut as a parameter.
ol ’:&,' o2 df/dA was calculated along streamlines with
wmos fzf::.? oatzs the aid of the numerical differentiation formula
08750 - g .
RIS o5 for non-equidistant nodes [24] by using four
LTI . : . . .
SN neighbouring points and is shown as a function
- is, of A with the cut as a parameter in Fig. 13.

The above numerical computations were
carried out of the flow of a supersonic jet into
vacuim.

If the leading edge of the skimmer is located
inside the region bounded by both the barrel
shock and the Mach disk (see Fig. 14), the cut
will not be affected by the change of inlet
pressure as shown in Fig. 6. Bier and Schmidt
[25] have reported a photographic study on the
shape and size of the barrel shock and Mach
disk. Their observed values on the Mach disk
diameter, y,,/2R* and the maximum diameter
of the barrel shock, y, /2R* can be expressed as a
function of the pressure ratio, p%/p! by the
following equations, over the range of p°/p! of
10-10°.
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0\ 0-598
M — 0252 (” ) (50)

2R*

0\ 0-591
Vg p
=031 .
2R* 3 6<p )

The relationship between the axial distance to
the Mach disk and the pressure ratio has been
given by Ashkenus and Sherman as follows [26] :

Xog 0y % p°
v . L
R* 34([)) 15 € pl

Under our experimental condition, these values
were calculated from the above equations as
shown in Table 1. Hence, the flow field of super-
sonic jet into vacuum can be directly used for
calculating the mass transfer up to the skimmer,
regardless of the change of jet boundary.

The calculated relationship between the cut
and the nozzle to skimmer distance when the
distance from the axis r/R* is 2-0/0-3, is plotted in
Fig. 6 for comparison with the experimental
results. With the aid of the results for df/dA,
the integral, I was calculated for r/R* = 2:0/03,
by using Simpson integration formula.

As the first order approximation, both the
mole fraction N,, N, and the average mass of gas

(51)

< 17000. (52)

mixture m were assumed to be constant and
equal to their values at the nozzle inlet. Then,
the integral, I is given by
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The results of calculation are shown in Fig. 7by a
solid line.

CONCLUSION

As indicated in Fig. 6, the experimental results
on the relationship between the cut and the
axial distance to the skimmer were in fairly
good agreement with the results of calculation
based on the flow pattern of axially symmetric
supersonic jet into vacuum, which is computed
by using the method of characteristics. This
agreement has led to the conclusion that the
flow properties up to the skimmer are unaffected
by the jet boundary, that is, the leading edge of
the skimmer is located inside the region bounded
by both the barrel shock and the Mach disk
under our experimental condition. The results
on diffusive separation of hydrogen and nitrogen
mixtures in an axially symmetric supersonic
jet were also in fairly good agreement with
the results of calculation by the proposed
equations (14, 53) which were derived by taking
account of the pressure diffusion in the jet.
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Résumé—On étudie la séparation d’un mélange gazeux dans un jet supersonique a symétrie axiale.

Le jet supersonique est séparé en un écoulement phériphérique et un écoulement central par un écrémeur
et Pon obtient le flux de diffusion totale du constituant le plus léger dans ’écoulement périphérique.
Les résultats expérimentaux sont présentés pour le mélange gazeux binaire d’hydrogéne et d’azote.

On propose une équation approchée qui donne le flux di diffusion en fonction du partage et du nombre
de'Mach. Les résultats expérimentaux étaient en trés bon accord avec les résultats du calcul par I"équation

proposée.

Zusammenfassung—Es Wird die Trennung eines Gasgemisches in einem axialsymmetrischen Uber-
schallstrom untersucht. Der Uberschallstrom wird durch ein Rithrblech in die Rand- und die Kernstromung
aufgeteilt und damit der gesamte Diffusionsstrom der leichteren Komponente in die Randstrémung

erhalten.

Die experimentellen Ergebnisse werden fiir das Zweistoffgemisch Wasstestoff-Stickstoff dargestelit.
Eine Niherungsgleichung wird vorgeschlagen, die den Diffusionsstrom als Funktion des Schnittes und
der Machzahl wiedergibt. Die experimentellen Ergebnisse standen in ziemlich guter Ubereinstimmung
mit den Rechenergebnissen aus der vorgeschlagenen Gleichung.

Aunoranua—Usyyaerca pacnpepeseHne rasoBoit CMeCH B 0CECUMMETPUYHON CBEPX3BYKOBOH

crpye.

C momompio cemapaTopa CBePX3BYKOBAaA CTPYHA pasjeseHa Ha ABA moToka. Iloayuen cym-
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mapHeii (ud@ysuoOHHELE MOTOK Gojlee JerKOTO KOMIIOHEHTa B Mepudepnitiom norokxe. IIpen-

CTABJIEHH YKCIIEPMMEHTAJIbHBIE Pe3yIbTaTh 110 GMHAPHON ra3oBoit CMecH BOAOPOAA U a30Ta.

Ipegmaraerca npnbiamxeHHOe ypaBHeHNe, B KOTOPOM AuQPy3HOHHBIL MOTOK eCTh PYHKIMA

Yria HaKIoHA M 4uciia Maxa. OKClepMMeHTaJIbHbIe JaHHBIe XOPOLIO COTIACYIOTCA C pe3yilb-
TATaM#, NOJYYEHHBIMHU MO NPEJIOKEHHOMY YDABHEHUIO.



